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Fifth-order attosecond polarization beats using
twin color-locked noisy lights in
cascade three-level system with Doppler-free approach
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Fifth-order attosecond sum-frequency polarization beat (FASPB) is studied in a cascade three level system
with the phase-conjugation fourth-order coherence function theory. An improved schematic diagram of ge-
ometry, which is different from that inducing fifth-order femtosecond different-frequency polarization beat
(FFDPB), is used to obtain FASPB. By analyzing the cases that pump beams have either narrow or broad
bandwidth, it is found that the temporal behavior of the sum-frequency polarization beat signal depends
on the properties of the lasers and transverse relaxation rate of the atomic energy-level system. Finally,
the cascaded four-wave mixing (FWM) processes and the difference between attosecond and femtosecond
polarization beats have been discussed, it is found that cascaded or sequential lower processes can often
obscure the direct fifth-order polarization beat processes.
OCIS codes: 320.7110, 030.1640, 030.6600, 190.4380.

Nonlinear effects of high order on polarization beats
have attracted a lot of attention recently!'~7l. Zhang
et al.l>~7] investigated the higher-order stochastic cor-
relation effects of Markovian field in the femtosecond
difference-frequency polarization beats (FDPBs).

In this paper, fifth-order attosecond sum-frequency po-
larization beats (FASPBs) using twin color-locked noisy
lights in cascade three-level system are studied.

Fifth-order polarization beat in cascade three-level
atomic system is a polarization beat phenomenon orig-
inating from the interference between one- and two-
photon six-wave-mixing (SWM) processes. Figure 1
shows a cascade three-level atomic system with ground
state |0), intermediate state |1), and excited state |2).
States between |0) and |1) and between |1) and |2) are
coupled by dipolar transition with resonant frequencies
2 and 9, respectively, while state between |0) and |2)
is dipolar forbidden. The schematic diagram of the ge-
ometry of FASPB (see Fig. 2) shows a double-frequency
time-delay four-wave mixing (FWM) and SWM polar-
ization beats, in which beams 1 and 2 consist of two
frequency components wy; and ws, while beam 3 has fre-
quency ws. All the incident beams are linearly polarized
in the same direction. The beat signals (beams 4 and 5)
have the same polarization as the incident beams propa-
gate along a direction almost opposite to that of beam 2.
The beat signal is detected by a photodiode. We assume
that wy & Qy, ws &~ Oy, and w3 ~ O, therefore w; and ws
will drive the transitions from |0) to |1) and from |1} to
|2), respectively. Beam 4 represents the signal of FWM
caused by the third-order polarization beats, and beam
5 represents the signal of SWM caused by the fifth-order
polarization beats. In fifth-order polarization beats(?],
one-photon degenerate SWM signals with frequency ws
will be emitted along the direction k3 + 2k; — 2k}, and
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two-photon non-degenerate SWM signals with frequency
ws will be emitted along the directions ks + 2ks — 2k/,
and k3 + k; — ki + ko — k. In the phase-conjugation
geometry, beams 4 and 5 have a small angle between
them.

In a typical experiment, the two-color light sources en-
ter a dispersion-compensated Michelson interferometer
to generate identical twin composite beams. Twin com-
posite stochastic fields of beam 1, Ep; (r,t) and beam 2,
Epo(r,t) can be written as
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Fig. 1. Cascade three-level configuration.
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Fig. 2. Schematic diagram of the geometry of FASPB.
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Ep1 = Aq(r, t) exp(—iwit) + A5(r,
= cru(t) expli(k; - r — wit)]
+ehua(t — 7) expli(kh - T — wot + woT)],

t) exp(—iwat)

Eps = Al (r,t) exp(—iwit) + Az (r,t) exp(—iwat)
=clui(t — ) expli(k] - T —wit + wT)]
+eous(t) expli(ks - T — wat)].

where g;, k; (¢}, kj) are the constant field amplitude and
the wave vector of w; frequency component in beam 1
(beam 2), respectively. wu;(t) is a dimensionless statisti-
cal factor that contains phase and amplitude fluctuation
[i.e., ui(t) = ai(t)exp[if;(t)], here a;(t) contains pure
amplitude fluctuation, while 6;(¢) contains pure phase
fluctuation. w;(t) is taken to be a complex ergodic
stochastic function of ¢, which obeys complex circular
Gaussian statistics in chaotic field. 7 is a variable rela-
tive time delay between the prompt (unprime) and de-
layed (prime) fields. To accomplish this, the lights of fre-
quency components w; and ws are split and recombined
to provide two double-frequency pulses in such a way that
wi frequency component is delayed by 7 in beam 2 and
wy frequency component is delayed by the same amount
in beam 1 (see Fig. 2). The time delay 7 is introduced
in both composite beams, which is quite different from
that of FDPBs. On the other hand, beam 3 is assumed
to be a quasi-monochromatic light, the complex electric
fields of beam 3 can be written as

Ep3 = As(r,t) exp(—iwst)
= e3uz(t) expli(ks - r — wst)],

where w3, €3, and k3 are the frequency, the field ampli-
tude, and the wave vector of beam 3, respectively, and
us(t) ~ 1 for quasi-monochromatic light.

We employ perturbation theory to calculate the density
matrix elements by following perturbation channels.

A (A’ A (3) (A"
e e e T
A (A’ )* A (AI )*
() ply = pfg = Pl 5 plg = Y 5 pfY,
(1) o 2 pfh) L p@ A @) el () A 6
(V) oy 212 plt) 25 o5 2 o 5 o) C 4,
A (A" (3) (A2)° (1) A
(V) o) 2% ply) B ) 0 (2 0 Ay )

(0) As, (1) A

(VI) pog — pig (2) (A (3) Ay (4) (A2)* (5)

4y Py’ = Py —
In perturbation chains (I), (IT), and (III), we note that
the roles of complex amplitudes A; and (A4})*, Ay and

(AL)* can be interchangeable, respectively, and the total
perturbation chains of the SWM signals are fifteen. We

are mainly interested in the beat signal with modulation
frequency wy +w; (i.e., atttosecond sum-frequency polar-
ization beat signal), so there are two beating approaches
(D), (), (1), (V), (VI) and (1), (IV), (V), (VI).

The nonlinear polarization P®) responsible for the
phase-conjugate SWM signal is given by averaging over
the velocity distribution function w(v). Thus P®) =

Ny de( )p§0)( ), here v is the atomic velocity,
N is the density of atoms. For a Doppler-broadened
atomic system (inhomogeneous broadening extremely
overwhelms the homogeneous width), we have w(v) =

\/j?u exp[—(v/u)?], where u = \/2kgT/m, m is the mass

of an atom, kg is Boltzmann’s constant, and T is abso-
lute temperature.

For sake of analytical simplicity, the polarization beat
signal can be calculated from two different limit ap-
proximations, extreme Doppler-broadened limit (i.e.,
ksu — oo, inhomogeneous broadening limit) and extreme
Doppler-free limit (i.e., ksu — 0). For simplicity, here we
neglect the Doppler effect.

The atomic response to Markovian stochastic optical
fields, including chaotic fields, phase-diffusing fields, and
real Gaussian fields, etc., are now largely well under-
stood. We assume that the laser source is a chaotic fields
which are characterized by the fluctuation of both am-
plitude and phase of the field. It is used to describe a
multi-mode laser source. The random function wu;(t) of
the complex noisy fields is taken to obey complex cir-
cular Gaussian statistics when its fourth-order coherence
function satisfies!?-®

< wi(ty)ui(ta)u; (tz)uf (ta) >
=< ui(tl)u;(t3) >< ui(tg)uZ(t4) >
+ <wit)u(ta) ><ui(tz)u;(ts) >

We assume that laser sources have Lorentzian line shape,
then
<wi(t)ui (t2) >=exp(—a;lt —t2) (i =1,2),

where a; = %&ui is the auto correlation decay of the noisy
light, and dw; is the line width of w; frequency compo-
nent.

SWM signal intensity can be well approximated by

2

I x |< PG) >

We first consider the case that twin composite beams 1
and 2 are narrow band so that oy <« I'1g and as < Iyg.
This is the case where the dephasing time is much shorter
than the correlation time of the incoherent light. From
channels (I), (IT), (TII), (V), (VI), the fifth-order beat
signal intensity is

I(r,r) o |B1|* exp (—4ay |7])
+ [nBa)? exp[—2(ay + az) |7|] + exp[—(Bay + az) |7]]
x {nB} By exp[—iAk - r + (w2 + w1)7]
+n*B1 By exp[iAk - r — i(ws + w1)T]}. (1)

From channels (III), (IV), (V), (VI), the fifth-order
beating signal intensity is
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I(7,r) o | Ba|” exp[=2(a1 + az) |7]]
+ 1Bs|” exp(—4az |r]) + exp[—(a1 + 3az) |7]]
x {nBj Bs exp[—iAk - r + (w2 + w1)7]
+n*Ba B3 exp[iAk - r — i(ws +wi)T]}.  (2)

Here B; (i =1, 2, 3) and 7 are constants independence
with 7. ASPB signal versus 7 typically shows the at-
tosecond scale modulation not only with a sum-frequency
wa + w1, but also spatially with period 27/Ak along the
direction Ak = k; — k} + k), — ko, which is almost per-
pendicular to the propagation direction of the beat sig-
nal. Here Ak = 2m|A\; — 2| 0/A2)1, € is the angle be-
tween beams 1 and 2. Physically, the polarization-beat
model assumes that both the pump beams are planar
waves. Therefore one-photon SWM signals, which prop-
agate along ks, = ks + 2k; — 2k}, and two-photon SWM
signals, which propagate along ks, = k3 +k; —kj +k5—ko
or k. = k3 + 2k}, —2ks, are planar waves also. Since one-
and two-photon SWM signals (i.e., ks, and kg, belong
to the first beating approach) or two two-photon SWM
signals (i.e., ks, and ks, belong to the second beating
approach) propagate along slightly different directions,
the interference between them leads to the spatial oscil-
lation.

We then consider the case that beams 1 and 2 are
broadband so that a; > T'jp and as > T'yp. Although
the beat signal modulation is complicated in general, at
the tail of the signal (i.e., 7> a7 " and 7> a3 ', which
is the case where the correlation time of the incoherent
light is much shorter than the time delay of beam 2 with
respect to beam 1), the following result can be got.

From channels (I), (II), (III), (V), (VI), the fifth-order
beating signal intensity is

I(r,r) x |Bl|2 exp [—4T'1o7]
+ [nBs)? exp[—2 (T10 4 1) 7] + exp [— (3T10 + 1) 7]
x {B{nByexp[—iAk - r +i(Qa + Q)7]
+B1n* B exp[iAk - r —i(Q2 + Q1)7]}. (3)

From channels (IIT), (IV), (V), (VI), the fifth-order
beating signal intensity is

I (T, ’I”) XX |B2|2 exp [—2(F10 + F21)T]
+ |77BS|2 exp [—4T207] + exp [— (T'10 + T'21 + 2T20) 7]
x{B3nBs exp[—iAk - r +i(Q2 + Q1)7]
+Bon*Bj exp[iAk - r —i(Qa + Q1)7]}. (4)

Here T'1g, I'sg, I'2; are the transverse relaxations of the
atomic energy level system. Equations (3) and (4) in-
dicate that the modulation frequency of the beat signal
equals Qs + Q;. Therefore the modulation frequency,
which corresponds directly to the beating between the
resonant frequencies of a cascade three-level system, can
be measured with accuracy given by (319 + I'21) or
m(T10 + Ta1 + 2Ty0) approximately. In the other words,
the overall accuracy of using FASPB with broadband
lights to measure the energy-level difference between
two states is limited by the homogeneous line widths.
The FASPB signal is shown to be sensitive to the
statistical properties of the Markovian stochastic light
fields with arbitrary bandwidth. This is quite different
from the fourth-order partial-coherence effects in the

formation of integrated-intensity gratings with pulsed
light sources. Their results prove to be insensitive to
the specific radiation models. The certain fifth-order
coherent anti-Stokes Raman scattering spectroscopy is
designed to probe overtone vibration dynamics. The ho-
modyne intensity from the two competing processes is
calculated and it is shown how only the direct fifth-order
polarization probes overtone dephasing!®!. Based on Eq.
(4), we have calculated the FASPB in sodium vapor,
where the ground state 3S),,, the intermediate state
3P/, and the excited state 4D3/5 5,2 form a cascade
three-level system.

Figure 3 presents the FASPB signal intensity I(r,0)
versus relative time delay 7. It shows that FASPB signal
is modulated by the frequency of s + Q; with a decay
factor exp[— (T'1o + I'21 4+ 2T0) 7].  Figure 4 indicates
that homodyne detects FASPB signal oscillates not only
temporally with an ultrafast period 27/ Qs + Q1] = 965
as for sodium atom but also spatially with a period
2n/Ak = 0.635 mm along the direction Ak, which is
almost perpendicular to the propagation direction of
the FASPB signal. The three-dimensional (3D) plot
(time-spatial interferogram) of the FASPB signal inten-
sity I(r,r) versus time delay 7 and transverse position
r has larger constant background caused by the inten-
sity fluctuation of the chaotic field. At zero relative
time delay (7 = 0), the twin beams originating from
the same source enjoy perfect overlap at the sample
of their corresponding noise patterns. This gives max-
imum interferometric contrast. The ultrafast modulation
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Fig. 3. FASPB signal intensity versus relative time delay.

The parameters are taken as r = 0, ['{y = 1.56 x 1072 fs~!,
% =178 x 1072 fs7!, a; = 3.2 fs™', and a2 = 3.3 fs~'.
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Fig. 4. A three-dimensional plot of the ASPB signal intensity
versus time delay and transverse position for the chaotic field.
The intensity has been normalized to unit. The parameters
are Qs + Q1 = 6.5978 fs~', Ak = 9.91802 mm™', a; = 3.2
fs_l, and as = 3.3 fs7 1.



April 10, 2005 / Vol. 3, No. 4 / CHINESE OPTICS LETTERS

233

Table 1. Comparison of sequential cascaded FWM signals in FASPB and FFDPB

FASPB FFDPB
0) A 1 AD* (2 A 3 0) A 1 (A" (2) A 3
I Pt()o) = Pgo) —= Pt()o) = Pgo) P((Jo) — Pgo) — P((Jo) — Pgo)
ker = ki — ki + Kk ker =ki — ki + ki
2) A 3) (AD* (@) A 5 2) A 3) (AD)* () A 5
Pt()o) = Pgo) —= Pt()o) = Pgo) P((Jo) - Pgo) — P((Jo) — Pgo)
ksc = ker — ki + ks ksc = kot — ki +ks
0) A 1 (AD* (2) A 3 0) A 1 AD* (2) A 3
I pl) =5ty =5 piY 2500 ol =5 ety =5 plY 25 o)
kcn =k — ki + ki ke =ki — ki + kg
2) A 3) (A1)* (a) A 5 2) A 3) (A1) (1) A 5
Pgl) = Pgo) — Pgl) = Pgo) Pgl) - Pgo) — Pgl) = Pgo)
ksc = ke — k) + ks ksc = ko — ki + ks
0) A 1) As (2) (A2)* (3 0) A 1) A 2) (A5)* (3
I pSy =5 pfy) =2 p5e =25 ple) ple 25 pll) 22 ply) =2 plY)

ko = kb — ko + ks
. A’ *
e P
ksc = ke — ke + kb

4) (
Pgo) — Pio

(5)

ke = ko — ki + k3
2) A 3) A 4) (AD)* (5
go) = Pgo) e Pgo) = PEO)

ksc = ke — kb + ko

period of 965 as can still be improved, because the
energy-level interval between ground state |0) and excited
state |2) can be widely separated to increase s + ;.
Furthermore FASPB can tolerate small perturbations of
the optical path due to mechanical vibration and distor-
tion of the optical components as long as these are small
compared with ¢/ |ws + w;|. The experiment of FASPB
is now underway in our group.

Although not as ‘clean’ as coherent femtosecond pulse
experiment from a theoretical perspective, it is antic-
ipated that with a more physical picture provided by

the subtle fourth-order ensemble average |< p®) >|2 of
FASPB (especially the effects of the different Marko-
vian noise models) and the inherent experimental advan-
tages of color-locked noisy light, such as robustness of
signal, insensitivity to dispersion induced by the optical
elements and being less costly to set up and maintain,
FASPB will continue to be apparently designed to probe
overtone dephasing dynamics, and provide useful insight
into the coherent control dynamics of gas phase sample.

Using fifth-order density-matrix perturbation method
for a cascade three-level system, we can obtain for the
fifth-order nonlinear polarizations in the rotating-waves,
slowly-varying envelope, and dipole approximation, re-
spectively. Under certain conditions a SWM signal con-
sists of two sequential cascaded FWM signals. The den-
sity matrix elements can be calculated by following the
perturbation channels (Liouville pathways) (see Table 1).

Taking path (III) for instance, the phase matching con-
ditions are kcpp = ki — ko + k3 and kge = ki, — ko +
kcpr. Two-photon non-degenerate SWM signals (beam
5) with frequency w3 will be emitted along the direction
2k!, — 2ky + k3, and the cascaded FWM signals will be
emitted along the directions ke = ki — ko + k3 and
ksc = ki, — ko +keyr. For the limit of the paper length,
only the phase matching conditions of path I, I, and III
are listed in Table 1. It also shows the comparison of
FASPB and fifth-order femtosecond difference-frequency
polarization beats (FFDPB).

The direct fifth-order polarization beat processes can
often be obscured by cascaded or sequential lower order
processes that compete with the direct event and give
similar time domain behavior though they probe different

dynamics®®!, The one-order diffraction signal (beam

4) is contributed primarily by the third-order nonlinear
polarization whereas the second-order diffraction signal
(beam 5) may include contributions from the direct fifth-
order nonlinear polarization and cascaded processes due
to the third-order nonlinear polarization. In some cases
the cascaded lower order effects may completely obscure
the more interesting fifth-order signal.

In conclusion, we have studied theoretically a phase-
conjugate ultrafast modulation spectroscopy due to the
interference between fifth- and fifth-order optical polar-
izations in cascade three-level system. FASPB signal
is modulated by the frequency of Qs + ; with a de-
cay factor exp [— (['1p 4+ I'21 + 2Ty0) 7]. It is found that
the temporal behavior of the sum-frequency polarization
beat signal depends on the stochastic properties of lasers
and transverse relaxation rate of the atomic energy-level
system. The beat signal depends on the fourth-order co-
herence function determined by the laser line shape.
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