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Based on the Rytov approximation and the cross-spectral density approximation for the mutual coherence
function of the partially coherent field, the propagation properties of the partially coherent beams with
optical vortices in turbulent atmosphere are discussed. The average intensity and the mutual coherence
function of the partially coherent vortex beams propagation in weak turbulent atmosphere are obtained.
It is shown that the vortex structure of the average cross-spectral density of partially coherent beams has
the same helicoidally shape as that of the phase of the fully coherent Laguerre-Gauss beams in free space
and the relative intensity of the beam is degraded by optical vortex.
OCIS codes: 010.1084, 010.1290, 010.1330, 350.5030.

Beam propagation through atmospheric turbulence is a
subject of considerable importance in connection with
free-space optical communications, targeting systems,
and remote sensing, and imaging systems2. Laser
beams are of special interest and employed due to their
high directionality. However, fully coherent laser beams
are very sensitive to the properties of the propagation
media, as a consequence, the turbulence-induced spa-
tial broadening of the beam is a limiting factor in most
applications!! 2. Several researchers have suggested that
partially coherent beams have less sensitivity to some
random media, so recent works have characterized beam
spread®! and bit-error ratel” for partially coherent
beams.

Recently, laser beams possessing wave-front singular-
ities known as optical vortices, have become the fo-
cus of many investigations because of their interesting
properties3=10 ag well as their potential applications!*!].
Fully coherent beams with wave-front singularities have
been extensively studied*2!. However, partially coherent
beams that may carry optical vortices®!3] are studied
much less.

Ponomarenko!®! discovered that the cross-spectral den-
sity of a partially coherent beam with a separable phase
that carries optical vortices is invariant with respect to
the spatial Fourier transform in the transverse plane, a
property that makes these beams similar to Gaussian
Schell-model and twisted Gaussian Schell model beams.
On the other hand, we know that the fully coherent
beams with optical vortices are the familiar Laguerre-
Gauss modes!'! which have a separable phase with a
simple helicoidal structure. So, in this paper, we ana-
lyze the propagation properties of the partially coherent
beams with optical vortices, which are constructed by
the normalized Laguerre-Gauss modes of arbitrary order
with the same phase dependence, in turbulent atmo-
sphere.

Let us first consider that the propagation of the fully
coherent Laguerre-Gauss beams in the turbulent atmo-
sphere (z > 0). The field distribution of Laguerre-Gauss
beam in the source plane (z = 0) is given by

1671-7694,/2005/100559-03

Eun (py) = (Vap/uw) " L1 (26° /)

x exp (—ime) exp (—p*/wg), (1)

where p = (p, ¢) is a position vector of a point in the
source plane, wy is a spot size at the waist of the beam, m
is the azimuthal mode index, and n is the order of the La-
guerre polynomial L™ (z). It is clearly seen from Eq. (1)
that the phase dependent on each Laguerre-Gauss mode
is specified by a factor exp (—ime); in other words, it has
a separable phase. The functional form of the Laguerre-
Gauss source mode is well known at any point z > 0 in
free space. One has

By (p,2) = (wofw) (Vap/w) " L (20 /)
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Under the Rytov approximation!'l, the field of an op-
tical wave propagating in weak fluctuation turbulent at-

mosphere at distance z from the source is represented

by
Funto = (42) () 1 (%)

2
xexp{—imqb— e + ¢ (p,2)
+z{kz—(m+1)q>+];—§”, (3)

where ¢ (p, z) = x (p, 2z) + 1S (p, z) is the complex phase
perturbation caused by the atmospheric turbulence, x is
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the log-amplitude, and S is the phase.

The cross-spectral density W (p, p', w) of a partially co-
herent beam can be represented as a Mercer-type series
of spatially completely coherent modes Ey,, (p,w) at a
given frequency w by means of the expression!*!

W (p, p/’ w) = Z AmnE:nn (p,w)Emn (plaw) ) (4)

mn

where the subscript mn stands for a set of integers la-
beling the modes, and Aypn (Amn > 0) is the eigenvalue
corresponding to the orthonormal mode E,,,,[?.

The cross-spectral density of a beam at a pair of points
(p,w) and (p’,w) in the half-space z > 0 is related, in the
paraxial domain, to the cross-spectral density at a pair
of points in the source plane through the double Fresnel
transform?!

k2

Wip,p',z,z2") = exp [ik (z — 2)]
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X exp [;—Z (p— ”1)2} exp [—;—Z (P - pz)} - (5)

Substituting the mode expansion (4) into Eq. (5), we
obtain the expression of the cross-spectral density

W (p,p',2,2") = > Amn B (0,2) Emn (0,2), (6)

mn

where E,,,, (p,z) is the Fresnel transform of the source
mode E., (p,0). By the Eq. (3), we have the cross-
spectral density of such beams in weakly fluctuation
turbulence-atmosphere

W (p,p',2,7') = Z AmnE:nn (p,2) Epn (0,2"). (7)
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Consider the following summation formula for Laguerre
polynomials®!
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where I,,, (z) is a modified Bessel function of order m, £
specified the spectral degree of coherence of the field!®!,
with & — 0 corresponding to the fully coherent case and
& — 1 corresponding to the completely incoherent case.
The cross-spectral density at an arbitrary pair of points

is given by
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It is seen from Eq. (9) that if one chooses a reference
point (p’,2'), the overall phase of the cross-spectral den-
sity of the partially coherent beam has the same heli-
coidal shape as that of the phase of the fully coherent
Laguerre-Gauss beam of Eq. (3). Therefore the wave
front of the former beam is endowed with a vortex struc-
ture similar to that of latter, with the azimuthally mode
index m being a topological charge of the optical vortex.

The average cross-spectral density at an arbitrary plane
z =2’ is given by

Ag—m/? < wi

<W(p,p’,2)> =S¢
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where (---) denote the ensemble average (or long-
time-average) of the refractive index fluctuations,

Dy (p.p'2) = [0.545K2202]"° [2 —0.206 (3/8) /5 s/ 3]

(P> +p?+p-p'), k=2m/A Xis the wavelength of the
propagating wave, C?2 is the turbulence strength along
the propagation path, ko = 27/Lg, Lo is the outer scale
of turbulence. It is seen from Eq. (10) that the overall
phase of the average cross-spectral density of the par-
tially coherent beam has the same helicoidal shape as
that of the phase of the fully coherent Laguerre-Gauss
beam of Eq. (2), which is propagating in free space.
Therefore the wave front of the former beam is endowed
with a vortex structure similar to that of latter, with the
azimuthal mode index m being a topological charge of
the optical vortex.

The cross-spectral density function, which obeys the
Helmholtz equation, is a measurement of the correlation
between the fluctuations of two field components at the
same frequency. If the field is strictly monochromatic or
sufficiently narrow band, then one can havel]

T(p,p',2) = (W (p,,2)). (11)
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By Egs. (10) and (11), we have
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exp [—5Dy (p, 0, 2)] - (12)

The average intensity (I (p, z)) for a partially coherent
quasi-monochromatic Gaussian laser beam propagating
in atmospheric turbulence is obtained from Eq. (12) when

p=p,

.2y = 20 (18)
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where a = 3[0.545%%2C2]"" [1 - 0.103 (3/8) "/ /*].

We define the relative intensity of partially coherent
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Fig. 1. Dependence of the I on the transverse coordinate p-
A =10.6 pm, z = 1000 m, wo = 0.0l m, Lo = 0.6 m, m = 2,
C; =107"°.
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Fig. 2. Dependence of the I on the transverse coordinate p.
A =10.6 pm, z = 1000 m, wo = 0.0l m, Lo = 0.6 m, m =0,
C? =10"1'5,

beams as

I(p,z) =(I(p,2)) /(I(0,2)). (14)

To describe effects of the vortex structure and the co-
herent property of beam on the relative intensity of par-
tially coherent beams, we performed numerical calcula-
tion. The results are presented in Figs. 1 and 2. In these
figures, the relative intensity is plotted as a function of
the parameter p for the vortex-free beam with the an-
gular indices m = 0 and m = 2, the spectral degree of
coherence of the field £ = 0.2 together with that of the
beams with the degrees of coherence ¢ = 0.4, £ = 0.6, and
& = 0.8, respectively. It is also seen that the presence of
a vortex degrades the relative intensity of the beam.

In summary, we have studied theoretically the prop-
agating properties of a new class of partially coherent
beams whose cross-spectral densities at a pair of points
in any transverse plane are separable in polar coordi-
nates. We have theoretically demonstrated that the vor-
tex structure of the average cross-spectral density of such
beam has the same helicoidally shape as that of the phase
of the fully coherent Laguerre-Gauss beam which is prop-
agating in free space. It is also shown that the relative
intensity of the beam is degraded by vortex.
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