376 CHINESE OPTICS LETTERS / Vol. 2, No. 7 / July 10, 2004

Axial distribution of (Gaussian beam limited by
a hard-edged aperture

Shuyun Teng (J&# =), Liren Liu (% £ A), Zhu Luan (£ 4f), and Lingyu Wan (7% %)

Shanghai Institute of Optics and Fine Mechanics, Chinese Academy of Sciences, Shanghai 201800

Received December 19, 2003

In this letter, the axial distribution of Gaussian beam limited by a hard-edged aperture is studied. We
theoretically analyze the axial diffraction of Gaussian beam limited by a hard-edged aperture, and give the
simpler formulas of the axial diffraction intensities of Gaussian beam in Fresnel diffraction field and Fraun-
hofer diffraction field. The corresponding numerical calculation of axial diffraction intensity distribution
of Gaussian beam with different wave waist is provided and the evolution of the diffraction distribution
with the wave waist of Gaussian beam is explained. As the especial cases of the truncated Gaussian beam,
the Gaussian beam in free space and the parallel light limited by the aperture are discussed too, and the
system parameters of the truncated Gaussian beam which can cause it to equal to these cases are given.
The theoretical results conform to the numerical analysis.
OCIS codes: 010.3310, 050.1940, 050.1960, 050.1970.

The parallel light or the spherical wave as the simpler
mathematical model of the laser beam makes the man-
agement of the diffraction of beam convenient!!=%. How-
ever, the laser beam emitted from the source can be de-
scribed approximately by the Gaussian beam, and such
a form shows different characteristics from the parallel
light and spherical wave. Moreover, during the propaga-
tion of the practical laser beam, there exists inevitably a
hard boundary to truncate it, and the optical system with
the limited caliber must result in the energy loss of Gaus-
sian beam and the variation of the shape of its diffraction
distribution. The quality of Gaussian beam during the
propagation had attracted attentions in the past years.
Wang et al.l®] analyzed the energy loss of Gaussian beam
through a hard-edged aperture. Holmes and Li et al.l”-®!
discussed the focal shift in focused truncated Gaussian
beam, which was mainly located one point on propaga-
tion axis, to investigate the position of the main maxi-
mumi. By using Bessel function, Schell et all?! evaluated
the diffraction integral to obtam an analytical solution
for the irradiance of the truncated Gaussian beam in the
near zone as well as in the far zone. Ding et al.[?) derived
the propagation of Bessel, Bessel-Gaussain, and Gaus-
sian beams with a finite aperture on the basis of the fact
that circ function can be expanded into an approximate
sum of complex Gaussian function. These works em-
phasized the analytical solution of the three-dimensional
diffraction distribution of the truncated Gaussian beam,
but its axial distribution rule had not been discussed in
detail. In this letter, we concentrate on studying the axial
diffraction of Gaussian beam limited by a circular aper-
ture. Recurring to the Kirchhoff’s diffraction theory, we
theoretically analyze the diffraction of Gaussian beam
limited by a circular and give the simpler formulas of the
axial diffraction distribution in Fresnel and Fraunhofer
regions. The propagation behavior of the Gaussian beam
along the axis is examined elaborately and the numerical
calculation of the diffraction distribution is performed.
The equivalent conditions of the diffraction of truncated
Gaussian beam to that of Gaussian beam in free space,
and that of the parallel light limited by the aperture, are
given too.
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It is supposed that the amplitude distribution of Gaus-
sian beam on the aperture plane is a(zg, o), the pupil
function of an aperture is p(zo,%0), then the ampli-
tude behind immediately the aperture diaphragm may
be written as

b(zo,40) = a(xo, yo)p(To,Yo)- (1)

According to Kirchhoff’s diffraction theory!'], when
the propagation distance z satisfies the relationship of
28> I(x — 20)” + (11 — 10)°]2.y» the diffraction dis-
tribution of the laser beam via the aperture in the prop-
agation distance z has the following form

exp(ikz)
iAz

x //b(wg,yo)exp{iﬂ-[(m‘l —1170) )\: (yl - yO) ]}dxodyo,

(2)

Ai(z1,11,2) =

when the propagation distance z is large enough to sat-
isfy the relationship (z3 + Y2 { )/ Az <« 1, the second prop-
agation factor exp{i[w(zZ + y2)]/(A\z) } in the above in-
tegrant can be neglected, the dlffractlon is equal to
Fraunhofer diffraction. The expression of the Fraunhofer
diffraction can be written as

exp(ikz) explin (23 +y3)/(\2)]
iz

Az (2,Y2,2) =

2
x//b(mo,yo) exp(z)\—;r(zowg + yoy2))dzodys. (3)

If both the aperture and the incident beam are axially
symmetric, a(zo,yo) and p(zo,yo) can be expressed by
the cylindrical coordinates a(ro) and p(ry), respectively,
Egs. (2) and (3) may be simplified in one-dimension in-
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tegral transformation

Z'1|'7‘f )
Az

exp(ikz) exp(
iAz

A1(r1,2) =27

0 2
< [ aro)ptro) esp(T2) dolizmrors /(A=) o,
0

(4)
and
exp(ikz) exp(%)
Az

As(re,z) =27

X /00 a(ro)p(re) Jo[i2nrora [/ (Az)]rodro, (5)
0

where Jy denotes the zero-order Bessel function. Let
ry = 0, ro = 0 respectively in above two equations,
we can easily obtain the formulas of axial diffraction of
Gaussian beam truncated by an aperture

@) =205 [ atro)ptro) x5 rodra, (0
and
As(z) = 2%% /000 a(ro)p(ro)rodro. (M

Next, we take a circular hole as an example to discuss
the axial diffraction of Gaussian beam in detail.

Suppose the spatial amplitude distribution of Gaussian
beam on the aperture plane is a(ro) = Lexp (—rZ/w?),
where L is the peak value of the spatial amplitude distri-
bution of Gaussian beam and wy denotes the wave waist
of Gaussian beam. The aperture diaphragm takes the cir-
cular hole with the radius R, and its pupil function can
be expressed by p(rg) = circ(ro/R). Substituting these
forms into Eqgs. (6) and (7), and according to I; = | 4|2
and I, = |A2|?, the formulas of the axial intensity dis-
tributions in Fresnel diffraction region and Fraunhofer
diffraction zone are easily obtained as

L2
Li(z) = —5=
1( ) 1+ 7);250
R? TR? 2R?
X|1-2exp|——5)cos| — ) +exp|——75 )|,
wy Az wy
(8)
a2 L2004 R2 2
L(z) = ——=2 [1 + exp (——)] . 9)
2272 w

From Eq. (9), it is easy to see that in far field, the
diffraction intensity of Gaussian beam limited by a
circular aperture on the propagation axis is in inverse
proportion to the square of the propagation distance.
Equation (8) gives the general propagation rule of the
truncated Gaussian beam in Fresnel zone.
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Fig. 1. Fresnel diffraction of Gaussian beam with different
wave waist limited by a circular aperture.

For visualization, we perform the numerical calculation
of the axial intensity diffractions, and the calculated re-
sults are shown in Fig. 1. The axial diffraction intensity
distributions are provided when the wave waist of Gaus-
sian beam takes different values, where the radius of the
circular aperture takes 20 mm and the wavelength of the
incident light is 0.5 pm. From Fig. 1, we can see that the
axial intensity distribution is smooth decreasingly when
the wave waist of Gaussian beam is smaller compared
with the caliber of the circular aperture. Along with the
increase of wave waist of Gaussian beam, the intensity
profile appears the oscillation in Fresnel diffraction re-
gion. Moreover, when the propagation distance of laser
beam is larger than 0.8 x 10® m, i.e., 4 x 10° multiples of
the radius of circular aperture, the axial intensity shows
the monotone decrease as the propagation distance in-
creases.

In Gaussian optics, the spatial intensity distribution
of Gaussian beam in free space can be expressed as
Ig(r,z) = Ihlwoexp[—r?/w?(2)]/w(?)|?, where w(z) =
woll + (Az/mw?)?]'/?, thus, the axial intensity can
be expressed as Ig(0,2) 1-}-[)&}#3)]2 When the

waist of Gaussian beam is much smaller than the cal-
iber of the aperture, R/wg is very big, exp(—R?/w?)
and exp(—2R?/w3) are very small in Eq. (8), the ax-
ial intensity distribution follows the relationship of
I(2) = L2/[1 + (\222) /(7%w})], which is the same as the
propagation of Gaussian beam in free spacel'?l. There-
fore, the intensity is monotone decreasing as the propaga-
tion distance increases. When the propagation distance
is far enough, (Az/mw2)® > 1 (this is just the condition
of the far field), the axial intensity can be simplified into
I(0,2) = (7%wilp)/)A%2?), just like Eq. (9). Here, the
diffraction intensity Ig is in inverse proportion to the
square of propagation distance z.

From Figs. 1(a)—(d), the wave waist of Gaussian beam
increases gradually, in another word, the caliber of
the hard-edged aperture decreases relatively, the axial
diffraction intensity takes on the oscillation in Fresnel
diffraction field. The reason is that R/wy gets smaller
with the waist increasing, and exp(—Rz/w§) becomes
bigger gradually, —2exp(—R?/wd)cos((7R*)/(A\z)) in
Eq. (8) cannot be neglected which is just the origin of
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the oscillation. The position of each extremum point
is approximately estimated. Furthermore, the more the
wave waist wp increases, the bigger the amplitude of the
fluctuation 2exp(—R?/w?) becomes, the more severe the
oscillation of the diffraction intensity is.

When the wave waist is infinite, the axial intensity can
be written as I1 (z) = L2[2 — 2 cos(mR?/\z)], which is the
diffraction of circular aperture illuminated by the par-
allel light!'3]. Since the diffraction distribution is only
related to the caliber of the aperture and the positions of
the extremum points are located accurately (z = R?/k\
(k =0,1,2--)), it will simplify many problems about
the propagation of Gaussian beam. However, in the
propagation of the practical beam, the waist cannot take
infinite value. When does the truncated Gaussian beam
equal to the parallel light? We perform the numerical
calculation of the axial diffractions of Gaussian beam
with a big wave waist limited by circular aperture and
that of the circular hole illuminated by parallel light.
The corresponding results are shown in Fig. 2, where the
radius of circular aperture still takes 20 mm, the wave-
length of incident light is 0.5 pm, and the wave waist
of Gaussian beam is 100 mm. It can be seen that when
R/wy = 0.2, the axial intensity diffraction of Gaussian
beam (shown as the solid line) conforms very well to the
diffraction of the circular aperture (shown as the scatter
squares).

Therefore, the axial diffraction comes from the con-
tributions of two parts, one is the free diffraction of a
part of Gaussian beam passing through the aperture,
and the other is the boundary diffraction effect of the
hard-edged aperture. When the wave waist of Gaussian
beam is very small, the diffraction field on the propaga-
tion axis presents mainly the characteristics of Gaussian
beam. In contrast, when the wave waist of Gaussian
beam is very big, the diffraction field on the propagation
axis takes on the effect of the boundary.

In Fraunhofer diffraction field, the axial diffraction
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Fig. 2. Axial intensity diffractions of Gaussian beam limited
by a circular aperture (shown as solid line) and that of the

parallel light through a circular aperture (shown as scatter
squares).

intensity is in inverse proportion to the square of the
propagation distance according to Eq. (9). From Figs. 1
and 2, it can be seen that if the propagation distance z
is bigger than 800 m, that is, z/R is bigger than 4 x 10%,
this rule is satisfied very well.

In conclusion, in this letter, we perform the theoretic
study of the axial diffraction of Gaussian bean limited by
a hard-edged aperture, and provide the simpler formulas
of the axial diffraction intensity distribution in Fresnel
and Fraunhofer diffraction region. Moreover, we discuss
in detail the characteristics of the axial diffraction of
Gaussian beam limited by an aperture by calculating nu-
merically and analyzing theoretically, and interpret some
interesting phenomena, such as the monotone decrease of
the axial diffraction intensity of Gaussian beam with a
small wave waist, the oscillation of the axial diffraction
distribution of Gaussian beam with a big wave waist in
Fresnel zone, the smooth in Fraunhofer region, the equiv-
alence of the truncated Gaussian beam and Gaussian
beam in free space, and the parallel light, and so on.
These conclusions are helpful for the practice application
of laser beam propagation in military and civil domain.
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