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Theoretical study on controlling nonlinear behaviors of a
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A master-slave configuration used to control the nonlinear behaviors arising in a vertical cavity surface
emitting laser (VOCSEL) with strong external optical feedback is established. In terms of bifurcation
diagram, time and frequency domain, the influence of the continuous optical injection from the master
VCSEL on the nonlinear characteristics of the slave is investigated theoretically. For relatively weak
injection, the slave still keeps its intrinsic nonlinear state. With increasing the injection strength, these
nonlinear behaviors evolve to periodic fluctuation, and at last are replaced by the steady-state (e.g. the
critical injection parameter for steady-state is 1.2 when external cavity’s reflectivity and length are 4%
and 4 cm, respectively). During this evolution the bifurcation-contraction phenomena are also observed.
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In many applications, the semiconductor laser with
strong external optical feedback (OFB) generally ex-
hibits complex nonlinear behaviors!'=%). It is well known
that the effect of OFB can, in certain circumstances, be
beneficial to narrow the linewidth, enhance the frequency
stability®), and tune the working wavelength!”). But
when the OFB level exceeds a critical degree, the laser
enters a so-called “coherence collapse” region in which
the linewidth is broadened dramatically and the intensity
noise is enhanced suddenly!?. To overcome such unfavor-
able effects, many possible methods have been proposed,
such as the high-frequency injection[®, the appending ex-
ternal cavity techniquel®], etc.. Nevertheless, a majority
of these studies are in allusion to the edge emitting laser
(EEL). It has been shown that vertical cavity surface
emitting laser (VCSEL) has the comparable feedback
sensitivity to that of the conventional EEL[9), and its
nonlinear dynamics have been experimentally observed
to be similar to those of EEL['-19~12], In practical appli-
cations of VCSEL, such as optical communication and
optical storage, the OFB affects the system performance
dramatically, so it is worthy studying how to control
these unwanted effects more effectively.

The purpose of this paper is to utilize the external
optical injection to control the nonlinear behaviors in-
duced by OFB in VCSEL. Considering the validity of the
bifurcation diagram for analyzing the nonlinear dynamic
behaviors!’3], we study the dependence of them on the
injection strength.

A schematic diagram of the chaos control system
under consideration is shown in Fig. 1, where Lex is
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Fig. 1. Schematic diagram of chaos control system by exter-
nal optical injection.
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the external cavity length, ISO is the optical isolator,
M is the reflector, and BS is the optical beam split-
ter. This model is based upon the master-slave (M-S)
configuration, and the slave (S-VCSEL) is at the chaotic
operation with strong OFB. The master (M-VCSEL) pro-
vides the continuous wave (CW) output, which is injected
into the slave to control the dynamics arising in the slave.

Generally, the dynamics of the semiconductor lasers are
described by the rate equations. To agree with the model
accurately, more attentions must be given for two issues:
firstly, how to embody the characteristics of VCSEL; sec-
ondly, how to modify the traditional rate equations for
the M-S configuration. On the one hand, we give the
special considerations for the VCSEL’s characteristics,
which will be discussed later. On the other hand, the
corresponding M-S rate equations are established for this
M-S model.

Neglecting the spatial dependence of the photon den-
sity P, the carrier concentration N, and the injec-
tion current density j, we get the following set of rate

equations'¥]. For the master
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0(t) = wor + P5(t) — Bt — 7), (7)
ginj (t) = W0oTinj + q’s(t) - (I)m (t - ﬂnj), (8)

where the subscripts ‘m’ and ‘s’ stand for the M-VCSEL
and S-VCSEL, wp is the angular frequency near the
threshold. 7, = (Vya)~! is the photon lifetime, where
Vg is the group velocity, and o = jny + om represents
the loss, qint is the intrinsic internal loss and oy, is the
cavity mirror loss. w and d are the radius and thickness
of the active region, respectively. The detailed parame-
ters and descriptions including those used in the following
discussions are listed in Table 1.

The equivalent gain G used in our paper is written as[1®

log[V (2) /No]

G=P PV )
N T N L P(t)

9)

where the gain saturation effect is taken into account by
introducing the gain suppression factor €. In addition,
the usual linear form of gain expression is replaced by a
logarithmic one. Although the experiments have verified
that the logarithmic form is more appropriate for the
special multiple quantum well (MQW) structure of VC-
SEL, many researchers still use the linear one to study
the related problems. The reason is that the linear form
is relatively easy to be dealt with. However, in our paper
even the logarithmic one can also be managed easily by
using the Simulink provided by Matlab. Moreover, in our
previous works!’3:15) we have used this simulation tool
to investigate both the stable and the dynamic behaviors
of VCSEL successfully.

The feedback coefficient kext and injection coefficient
kinj are given byl3:17]

1 — Reft [ Rext,inj
kext,inj = i R:ff J: (10)

Table 1. Description and Value of
VCSEL Parameters!!?]

Parameter and Symbol Value
Lasing Wavelength Ao 0.85 pm
Longitudinal Confinement Factor I, 1
Lateral Confinement Factor I} 0.07

Group Velocity Vg

Radius of Active Region w
Thickness of Active Region d
Linewidth Broadening Factor 3.
Carrier Density at Transparency Ny
Spontaneous Emission Factor Ssp
Radiative Recombination Rate B
Mirror Reflectivity Refr
Solitary-Laser Round-Trip Time 7;p,
Transmission Delay Time 7in;
External Round-Trip Time 7
Equivalent Cavity Loss «

Gain Suppression Factor enz,
Carrier Lifetime at Threshold 7
Gain Coefficient an

Bias Current I

8.1 x 10° cm/s
5 pm

0.4 pm

4.8

1.3 x 10"® cm™3
1x 1074

1x 107" cm®/s
0.997

0.04 ps

66.7 ps

66.7 ps

50 cm™?

1x 107 ¢cm?
2.7 ns

1.4 x 10* cm™!
9 mA

where 7y, is the solitary-laser round-trip time, R is the
equivalent reflectivity of the distributed Bragg reflector
(DBR), Ryt is the external mirror reflectivity. Injection
parameter Rin; is defined as('”]

Rinj = Powermaster_out / Powerinjecting.slave . (1 1)

Namely, it represents the rate of the master’s power in-
jected into the slave laser cavity, and this parameter is a
key variable parameter discussed in this paper.

To further exhibit the characteristics of the VCSEL,
the following issues must be given special considerations.

Firstly, to solve the problem of low single-pass gain,
the DBR with ultrahigh reflectivity is introduced, which
leads to two important issues: the equivalent DBR
reflectivity Regr and the effective resonant cavity length
Lege. Normally, the optical transfer matrix method can
be used for the calculation of R, e.g., Fig. 2 is the
reflection spectrum (Ao = 0.98 um) resulting from Ref.
[18]. To get Letr, the effective length of the top and bot-
tom DBR (Lt ) must be ciphered out firstly, and they
are given by['?]

lr,p tanh[r Mt (n? —n2)/(4n1ns)]
2 7Mt (n? — n3)/(4niny)
Its = (1/4/n1 + 1/4/n2) Ao Mt B, (13)

Lrp =

(12)

where the subscribes “I” and ‘B’ stand for the top and
bottom DBR, respectively, M is the number of pairs, n,
and no are the refractive indices of the alternating layers,
respectively. So the effective cavity length is

Lett = Lt + L + d + 2L, (14)

where Lg is the thickness of space layer between DBRs
and active region. Moreover there are often two space
layers in VCSEL, which are above and beneath of the
active region, respectively.

Secondly, the ultrahigh reflectivity of DBR and the
short resonant cavity also affect the device behaviors
such as the loss, the threshold, as well as the external
perturbation sensitivity. The mirror loss is given as

Xy = —1/(2Leff) ln(RTRB), (15)

where Rt and Rp are the equivalent reflectivities of the
top and bottom DBR, respectively (in this paper, we
choose the same value Reer for them). We can see that
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Fig. 2. DBR reflection spectrum.
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the larger mirror reflectivity decreases oy, however, the
short cavity lets this parameter vary with contrary direc-
tion, which results in a comparable mirror loss as EEL’s.
For the similar reason, as shown in Ref. [10], VCSEL also
has the comparable feedback sensitive to that of EEL.

Thirdly, the small radius and the ultrashort cavity also
result in a very small active region volume V, which is
one or two numerical degree smaller than that of EEL. In
addition, the thickness of the active region equals to the
multiplications of the following three parts: the thickness
of a single quantum well (SQW), the number of SQW in
a block, and the amount of the block in the active re-
gion. Allowing for the maximum coupling between the
gain region and the optical field, the resonant periodic
gain structure is introduced in VCSEL, i.e. the quantum
well gain is located at the maximum of the standing wave
pattern in the Fabry-Perot (F-P) cavity, which results in
a very low threshold.

Finally, the most important characteristic of VCSEL
is the micro cavity effect, which not only improves the
spontaneous emission rate, but also lets more sponta-
neous emission couple into the lasing mode (i.e., the
spontaneous emission factor is enhanced greatly), which
results in an ultra low threshold. Generally, the sponta-

neous emission factor can be written as(20]
TL,K\
=15—"120 16
Pop 4Am2n3V AN (16)

where K is the Petermann’s astigmatism factor, Ag is the
lasing wavelength, ng is the effective index of the cavity,
and A\ is the full-width at half-maximum (FWHM) of
the emission spectrum. We can see from Eq. (16) that
a smaller volume and a narrower emission spectrum are
beneficial to the increase of the spontaneous emission fac-
tor (in ideal condition Sy, can be near 1). So in VCSEL,
Bsp is enhanced with hundreds times, which improves the
lasing efficiency greatly.

In a word, to simulate the special device more ac-
curately, the above special means must be taken. In
addition, in the M-S system, for a fixed bias current,
the dynamics of the considered VCSEL are mainly de-
termined by three factors: Rext, Lext and Rinj. Selecting
them properly, the VCSEL ought to be controlled in a
certain state — the steady state.

The bifurcation diagrams of photon density versus
feedback parameter [Foxs = (1 — Ret) (Rext/Retr)'/?] for
different injection parameter R;,; are shown in Fig. 3,
where single density values corresponding to certain Fey
represent CW operation, two and more density values
denote single-period oscillation and chaos, respectively.
We first focused on the no injection case, the result is
given in Fig. 3(a). It is obvious that the dynamics of the
slave evolves with Fuyy from CW operation, to single-
period, to multi-period, then to chaotic state. Though
the laser reenters the single-period region when Feyy is
between 0.7 x 1072 and 0.85 x 1073, it steps into the
chaotic region entirely with the further increasing of the
OFB strength.

If there is optical injection in the slave, the dynam-
ics will be affected greatly. Figure 3(b) shows the case
of Rinj = 0.06, and it is seen that even a relatively
small amount of injection can affect the dynamics of the
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Fig. 3. Bifurcation diagrams of photon density versus feed-
back strength Fe.t for various injection parameters Rin;.
(a) Rinj = 0; (b) Rinj = 0.06; (c) Rinj = 0.28; Rinj = 0.50; (e)
Rin; = 0.80.

slave dramatically. Comparing with no injection case,
the chaos band becomes narrower and the periodic re-
gion gets wider remarkably. Moreover, this phenomenon
becomes more and more distinct with the further increas-
ing of Rin;. Especially, for the case of Rin; = 0.80 [Fig.
3(e)], the chaotic behaviors of the slave are suppressed
completely, and the device merely exhibits CW or single-
period behaviors for the range of Fi € [0 — 0.9 x 1073].

To further investigate the effect of the optical injection
on the dynamic behaviors of the slave, the time and fre-
quency domains for four chosen values of R;,; are plotted
in Figs. 4 and 5, where Rexs equals 4%. As can be seen
from Fig. 4(a) that the slave exhibits chaotic behaviors
and outputs randomly for the case of Rjn; = 0, it is also
found in the frequency domain [Fig. 5(a)] that there is
no dominant frequency component. Figures 4(b) and
5(b) repeat the calculation except that Rin; increases to
0.02. It is observed that the slave exhibits single pulse
oscillation in the rear half of time domain, and there
is not a prime frequency in Fig. 5(b) because the chaos
still exists. When R;n; = 0.08, the behaviors of the slave
are seen to change from chaotic to a regular periodic
motion. This is shown in Fig. 4(c) together with corre-
sponding frequency domain in Fig. 5(c), which reveals
a distinct frequency components corresponding to the
OFB induced self-pulse frequency (about 11 GHz). Fur-
ther increasing Rin; up to 1.4, the dynamic behaviors
change from periodic motion [Fig. 4(c)] to steady state
[Fig. 4(d)]. At this time, the distinct frequency compo-
nent corresponding to self-pulse decreases dramatically
(decreases about eight num- erical degree) and is hardly
seen in Fig. 5(d).

In order to investigate in detail how the dynamic be-
haviors of the slave varying with injection strength, we
plot the bifurcation diagram of the photon density versus
the injection parameter in Fig. 6, where Rey is 4%. The
evolution of the slave’s dynamics behaviors with Rin;j is
shown in Table 2 in which the nonlinear state and the
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Fig. 4. Temporal variations for different values of Rin;, where
Rext = 4%. (a) Rinj = 0; (b) Rinj = 0.02; (c) Rinj = 0.80; (d)
Rin; = 1.40.
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Fig. 6. Bifurcation diagram of photon density versus the in-
jection parameter Rinj, Rext = 4%.

Table 2. Evolution of Slave’s Dynamics with Riu;

N State Rinj N  State Riv;

1 C 0—0.025 5 DP  0.31-0.352
2 SP 0.025-0.15 6 SP 0.352 —1.21
3 DP 015-0291 7 S >1.21

4 C 0.291 — 0.31

corresponding range of Ri,; are given. It is clear that
when the injection is relatively weak, the slave keeps its

own intrinsic nonlinear behaviors. Increasing Rin; does
not certainly let the slave operate toward the CW state
simply, but the double-period and even the chaos can be
excited repeatedly. To control the nonlinear behaviors
successfully, a very large Rin; (> 1.2) is needed, which
implies that the injection level must be much larger than
the OFB level.

In conclusion, the nonlinear dynamic behaviors induced
by OFB in VCSEL can be controlled effectively by the
external optical CW injection. Though the optical injec-
tion can also induce rich nonlinear behaviors, the non-
linear behaviors can ultimately be replaced by the stable
state as long as the injection is strong enough.

This hybrid system can probably be used in the appli-
cations where VCSEL acts as the high-speed laser source
insensitive to the external optical feedback. In addition,
if the strong OFB is introduced in the master to induce
the chaotic oscillation, the modified system can also be
used to investigate the chaos synchronization, which is
a hot topic in recent years due to its application in the
secure communication.
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