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Emission spectra of a =-type three-level atom
in a Kerr medium
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We investigate the emission spectra of a Z-type three-level atom interacting with a single-mode optical
field in an ideal cavity filled with a Kerr medium and discuss the structure of emission spectrum when
the optical field is initially in a pure number state and a coherent state, respectively. It is shown that
the structure of emission spectrum depends not only on the photon number distribution, but also on the
strength of incident field and the coupling of Kerr medium to the field.
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The theoretical work in optical spectra, particularly, va-
rieties of phenomenological spectrum structures based
on the Jaynes-Cummings model (JCM), was well-studied
and had played a central role in quantum optics over the
past two decades!!=6l. More recently, a lot of interest
has been focused on the structure of emission spectra for
a three-level atom, which was modeled as a genera,hzed
JCeMI7-91, Typlcally, Ashraf discussed the emission spec-
tra for a A -type quantum-beat three-level atom, which
interacts with a single-mode radiation field, and pointed
out that they are generally four-peak structure and can
reduce to three-peak one when the incident photon num-
ber is considerably large!®). In this paper we will discuss
the emission spectra for a =-type three-level atom under
the conditions with Kerr effect and without Kerr effect.

We consider the interacting system of a Z-type three-
level atom (one upper level e4, two lower levels ep and
ec, and the energy eigenstate is |a), |b), and |c}, respec-
tively) and single-mode cavity field with a Kerr medium.
It is also assumed that the separations between e4 and
en, eg and ec are equal and the double carrier frequency
of the mode field wp is equal to the frequency wgy. of
an optically forbidden atomic transition |a) — |¢), i.e.,
Wap = Wpe = wp. Moreover, the transitions |a) — |b)
and |b) — |c¢) are optically allowed. The Hamiltonian
for such a system can be written in the rotating wave
approximation as (let i = 1)

H= wD(Raa - Rcc) + w0a+a + X(a+a)2
+g(aRap + a Rpo + aRpe + a¥ Rep) (1)

where a™ and a are the creation and annihilation op-
erators of the mode field, R;;(i,j = a,b,c) denotes the
pseudo-spin operators of the three-level atom, g is the
coupling strength of the field-atom interaction, and yx is
the coupling constant of Kerr medium and cavity.

The solution of the above model can be obtained by
using the so-called dress-state representation method. In
this approach we find the eigenvalues and eigenfunctions
of the Hamiltonian [Eq. (1)], which are given by

EY = (n+ Dwo +egl(n+ 1) + 1]+ g8,
(n>0,j=1,23n=-1j=1,2), (2)
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respectively, where the parameters in Egs. (2) and (3),
can be defined as (let € = x/g)
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For further discussion, we will derive the atomic emis-
sion spectrum S(w) according to the formulal'®

T T
S(w) = 2[‘/0 dé; /0 dtg exp[— (' — iw)(T — t1)
—(C +iw)(T = t2)[(§, | BT (t:1)R(t2)I€, m), (8)

where T is the measurement time, I'"! is the response
time of the filter, |£,7) is the initial state of the sys-
tem, and R(t) is defined as R(t) = Rpo(t) + Rep(t).
Provided that the atom is initially in the eigenstate
|a) of upper level es, and the field is prepared in ar-
bitrary state, then the state vector of the atom-field
system at ¢t = 0 factorizes into a direct product, i.e.
1&m = |6 ® |n) = > gn|n,a), where gn = (n{) de-
notes the probability amplitude of the photon number of
optical field. And thus, the emission spectrum S(w) can
be written as a product of the photon number distribu-
tion p, = |gs|? and the function Sy (w), which describes
the spectrum of the photon number-state |n)

S) =Y pnSa(w). 9)
n=0

Subject to the above-mentioned initial conditions, we
can write the function S,(w) in the form

526 = Ty T
111,00, 0) + 10, ~Cs 0P
l(n + 2,0, Cn) + 42 £ (0,~Cr, )
+ 24t 0,y O ?
i +2)f(w,0,~Cw) + 3 L (@, —Cry—Ci)
2 £,y =GP}, (€=0) (102)

and
Sn(w)=2I'Y" | 23: JV[aD KD 4 gD k)
k=1
« exp{—ig[Q? —e(2n+1) — 59 + 52’,0)]T} —exp(-I'T)
T —ig[Q —e(@n+1) — 65 + 6]
(e#£0n>0,k=1,2,3;n=0,k=1,2)

(10b)

where ' = n —1,Q = (w —wp)/9,Cn, = V2n + 3, and
J(orK) = «, 8,7, corresponding to j(ork) = 1,2,3. The
function f(w,Cy,Cyr) in Eq. (10a) can be defined as

f(wacnvon’) = (Cn + Cn’)
y exp[—ig(Q + Cp + Cp/ )T] — exp(—I'T)
F_ig(ﬂ+cn+cn’) .

(11)

By using numerical simulations, we demonstrate in
detail the characteristics of the spectra by Egs. (9) and
(10) in Figs. 1 and 2, according to the two typical cases:
number state and coherent state. Moreover, for more
heuristic discussions, we will begin with the simpler case
when the field is initially prepared in pure number state.
Obviously, it is shown from Eq. (10b) that the physical
spectrum is of a nine-peak structure when Kerr effect is
considered, one more peak than original eight-peak one
in the absence of Kerr nonlinearity. All the number state
spectra are depicted in Figs. 1(a), 1(b) and 1(c) in the
cases of ¢ = 0,e = 0.1 and £ = 1.0, respectively. For the
convenience of narration, we define symbol P(j, k;n) as

the peak at w = wo + g[(2n+1) + 5 — 551’,“)] for the case
of € £ 0.

As a special case, the spectrum structure of the vac-
uum state, i.e., n = 0, is different from that of n # 0.
We can see easily from Eqgs. (10a) and (10b) that this
spectral structure is theoretically of a six-peak structure
and dependent on the value of ¢, as stated in Fig. 1. For
e = 0, we can observe four spectral lines [see Fig. 1(a)].
Two of them are in fact made up of four peaks which
locate at w = wo+(v/3—1)g and w = wy+g, and form two
inner spectral lines, whereas other two peaks occurring

T \“,\/»/ = 3
0 \;\(\Y\} 1o 1520
@) /g;?.(? o ! 2

Fig. 1. The function Sy, (w) when the field is initially in a pure number state for (a) € = 0, (b) € = 0.1, (c) € = 1. The interaction
time and the spectral resolution of the spectrometer are assumed to be T, = 20,T" = 0.02g.

Fig. 2. The function S,(w) when the field is initially in a coherent state for (a)
time and the spectral resolution of the spectrometer are assumed to be T, = 20,
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at w = wo = (v/3+1)g constitute two outer spectral lines.
For small e, two inner spectral lines P(2,2;0) — P(3,1;0)
and P(1,1;0)—P(3,2;0) are still be observed in Fig. 1(b),
but the outer spectral lines P(1,2;0) and P(2,1;0) dis-
appear completely because of the relatively smaller peak
values. When ¢ increases, the inner spectral lines are
coming closer, as depicted in Fig. 1(c).

Let us consider further the case when the initial state
is number state |n)(n > 0) and Kerr effect is not con-
sidered [see Fig. 1(a)]. If the coupling constant g is not
too large and resolution of spectrograph not too low, we
can observe eight spectral lines for small n. As n in-
creases, the peaks locating at w = wp + +/2n + 3g and
w = wp £ v/2n + 1g tend to close up gradually, and the
other two inner peaks occurring at w = wo £ (v2n + 3 —
v/2n + 1)g come closer and closer. Finally, there are to-
tally six spectral lines to be observed in this case. This
result is obviously different from that of standard JCM.

In the presence of Kerr nonlinearity, the number state
spectrum, in principle, consists of nine peaks, and more-
over, these peaks will shift to the left for different dis-
tances with respect to original positions. It is of in-
terest to note that the frequency of the extra peak
P(3,3;n) becomes the resonant frequency as ¢ — 0,
and therefore we argue that the appearance of this peak
results from the splitting of the resonant peak due to
coupling of nonlinear medium to the field. For small
g(e = 0.1) [see Fig. 1(b)], we can observe five lines eas-
ily. More definitely, the peaks P(2,2;n) — P(3,3;n) and
P(2,3;n) — P(3,1;n) form two spectral lines since they
overlap partially, whereas the peaks P(3,2;n), P(1,3;n)
and P(2,2;n) constitute three spectral lines, but the
peaks P(1,2;n) and P(2,1;n) is too low to be observed.
When n increases, the two inner lines approach to each
other and the peak value of P(1, 3;n) tends to 0. Finally,
there are in all three lines to be observed. For large
e(e = 1), the spectral line, resulting from the overlap
of the peaks P(2,3;n) and P(3,1;n), shifts to the cen-
tral position and forms the so-called resonant line. The
overlap of the peaks P(2,2;n) and P(3,3;n) forms an-
other line which moves away from the resonant frequency
and whose intensity becomes weaker and weaker as n in-
creases. Other peaks disappear completely for small peak
values.

Now we focus our attention on the case when the field
is prepared in the coherent state [see Fig.2]. In this
instance, the spectral structure S(w) can be described
by Eq. (9), and photon number statistics are subject to
Poisson distribution py,, this is

pn = exp(—m)n" /nl, (12)

where 7 denotes the mean photon number of initial field.
Obviously, Eq. (9) shows that the maximum of this dis-
tribution appears only when the condition n = 7 is sat-

isfied, and the photon-number fluctuation (An) is di-
rectly proportional to . For definite 77, and with the
increment of n, the left spectral line, whose position is
far from resonant line, is modulated by distribution func-
tion Eq. (12) and more strongly than the right one does
which nears resonant line. We can see from Fig. 2 that,
for small 77, 2 — 6 main lines near the center and some
waves surrounding them due to the quantum-beat effect
appear, whereas for larger 7, there exists only one line
(i.e. resonant line) because the others as well as waves
are modulated rapidly to zero as 7 increases. Also, from
there we can see that quantum-beat effect for ¢ = 1.0, in
which the middle line changes relatively slowly, is smaller
than that for ¢ = 0.1.

In summary, we have investigated the emission spectra
of a S-type three-level atom interacting with a single-
mode optical field in an ideal cavity filled with Kerr
medium and discussed the spectrum structures when the
optical field is initially in a pure number state and a
coherent state, respectively. It is shown that: 1) the
spectral structures depend on the photon-number distri-
bution function. We can observe two spectral lines for
n = 0 or five for small n or three for larger n. Due to
the strongly coupling of the nonlinearity, one line or two
are observed in general. On the other hand, when the
field is initially in coherent state, there appear 1 — 6 lines
and some waves around, moreover these waves disappear
slowly as ¢ increases; 2) the line intensity depends on the
strength of initial field and the coupling of Kerr medium
to the field, that is, the intensity of the left spectral line
becomes lower and lower with the increasing of n, while
the intensity of the right one, in general, becomes larger
and larger.
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