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Abstract Optical techniques based on measuring scattering properties of bio-tissues have a potential to determine

internal physiological state. For tissue imaging, the least-scattered photons arriving at a detector may have a signifi-

cant effect on the development of imaging algorithms. Tracing least-scattered photons may be helpful for further un-

derstanding of imaging mechanisms within current high-resolution optical-imaging techniques. Based on the vertex-

propagator, a coordinate-tracing model is developed to search probabilities for least-scattered photons traversing in a

scattering medium. Integral expressions for photon experiencing any time scattering events are obtained. Compared

with the methods based on both geometrical tracing and Monte Carlo simulation, our model is simpler and easier for

programming.
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1 Introduction

Understanding of the interaction of light within
tissue at a cellular level will promote the develop-
ment of optical diagnostic techniques. Optical tech-
niques are potentially capable of rapid, non-invasive
assessment of tissue pathology. In the past years, a
number of techniques have been developed that rely
in some manners on measuring the scattering prop-
erties of tissue to determine its physiological state.
These techniques range from direct imaging meth-
ods such as confocal microscopy™’, optical coher-
ence tomography (OCT)"*', and photoacoustic ima-
ging™, to relatively indirect approaches including

1) and photon migra-

elastic-scattering spectroscopy
tion™.

OCT uses low coherence interferometry to pro-
duce a two-dimensional image of optical scattering

[6=81 and

from both internal tissue microstructures
blood*-1%7 .

graphy of biological tissues, which are highly light-

The main problem with light tomo-

scattering media, is retrieving information about
the properties and the structures of the tissue from
the static and dynamic characteristics of outgoing
light. To tackle the problem, it is necessary to as-
sume a theoretical model of the scattering medium
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and formulate mathematically a light-propagation
problem to be solved analytically or numerically.
Obviously, Monte Carlo simulation techniques can
be used to trace stochastically the light propagating
in the medium™", but it is time consuming.

There are a few general theoretical approaches

available for considering light propagation in scat-
tering materials, e. g., light-transport theory''*',

[12~15]

light-diffusion approximation , multiflux radia-

12.16~181 - probabilistic random-

22,23]

tive transfer theory
[19~21]

walk theory , and photon path analysis"
For least-scattered photons that arrive at a detector
through a turbid medium like tissue. Jacques et al.
B4 introduced a path integral description to predict
the early-arriving photons to the detector. Wang et
al.™7 introduced a theory based on the vertex/
propagator model to find the least-scattered photons
probabilities by tracing photons geometrically.
However, the geometrical expression of photon his-
tory is too complex to be obtained for more than
double interactions. In this paper., a modified coor-
dinate tracing model based on vertex-propagator is
developed to find the probabilities for least-scat-
tered photons traversing in a scattering medium,
and integral forms of scattered photon probability
are obtained for photon experiencing any time scat-
tering events. The new model is very simple and
easy for therefore the

programming , tracing
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processes are relatively timesaving. Moreover, our
results are in very good agreement with Wang's
work and Monte Carlo simulation.

2 Theory
2.1 Vertex/propagator description

Consider a photon scattered in a homogeneous
scattering medium with specific scattering coeffi-
cient p,, extinction coefficient p, and anisotropy
parameter g. As illustrated in Fig. 1, for the ith
scattering history, the displacement vectors of the
photon before and after the ith scattered are r;_,
and r; . respectively, and the scattering angle 6, is
determined by

Fioyp*F; = 7 *7;c080;. (D
So the probability density of the photon from the
starting point O, to the end point O;,, after the ith
scattering at point O; can be written as
;= exp(— prim) peos ;) p, exp(— puri)s (2)
where exp(— u.ri—1) and exp(— p,r;) are the propa-
gators before and after scattering at point O;, re-
spectively, p(cos #)pu, is the vertex term, and
p(cos 0;) represents the phase function of the medi-
um, which is often assumed to take a particular
form firstly described by Henyey et al. %,
1—g°

(1+ g*> —2gcos )’
where ¢ is the mean value of cos . In the case of

p(cos @) = (3)

isotropic scattering, p(cos 0;) = 1/(47).

After N times scattered, the photon moves
from the start point O to the end point E, the
probability density corresponding to the displace-
ment, r=rytritry,+ -+try,is

I'(r) = exp(— pro) peos 0,) X

ps€xp(— pr) p(cos 6,) puyexp(— pry ) e

exp(— pry-1) pCcos O ps exp(— pry). (4
The reflection at the interface between the media
must be taken into account in the case of index mis-
matching. For an anisotropic scattering, Eq. (2)
should be changed as™*

() =exp(— puri )1 —R(n,0)]plcos ) X

ps expl— 1), €))
where n = n,;_,/n; is the refractive index ratio of
the medium corresponding to photon path r;-, and
r;, and R(n.,0,) is the Fresnel expression for spec-
ular reflection of the unpolarized light. Here, we
only focus on the anisotropic scattering within the
homogeneous medium, i.e., the reflection at the
boundaries between media is ignored.

\

0,
=

Fig.1 A single photon incident on the slab at O and scat-
tered in the fixed Cartesian coordinate system
O-xyz. It experiences the ith scattering event at
point O; from O; ; to O;+4
2.2 Coordinate tracing method
To obtain the required probabilities that pho-
tons arrive to the detector, we need to integrate all
the paths described by propagator length and vertex
angle. As done in Ref.[25], the geometrical rela-
tionship of the path parameters is simple only for
the single-vertex process. However, it becomes
complicated for higher-order processes where not
only the scattering angle @ but also the azimuthal an-
gle ¢ are needed for geometrical expression. In
fact, only single-vertex and double-vertex processes
were expressed in Wang's work.
In order to model multiple-vertex processes,
we introduce the coordinate tracing method. A
fixed Cartesian coordinate system is chosen to trace
photon movement, where the origin is set as the
photon incident point on the tissue surface, the
z-axis directs normally towards the interior of the
medium, and the xy-plane is then parallel to the
medium surface. Therefore, the photon history,
r=rytr,+ry,-+ry, can be described by the
three orthogonal coordinates of the scattering
points. If the coordinates of the scattering points,
for example, O (xim1 s Yo s 2m1) s O;(xisy,52)
and O (xi1 s yip1s2i1) are known, path lengths
between O, (xi—1» v 21 and O;(x;,y,,2;) or
between O, (x;,y;»2;) and O,y (X1 s Vi1 »2:1) Can
thus be obtained respectively as
ri, —

(g —xe2)  + (yig — yi2)t 4 (2

— 207,
(6)

—xe)) (= vy ) (=27,

7

)/'1‘ - (1‘[

and the scattering angle is given by
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0, — COSH[(Ii i) () (i — i) (i — i) T (2 — 20 (2 — = 1)}. (8)
rir;
In principle, the photon can be scattered to any di- ro= /(21 —ztan 0,02 + 2 + (d — )7 »
rection after each scattering event. Therefore, the _ [sing (xy — zptan §) +cos 6 (d — =)
required probabilities that photons arrive at the de- 01 = cos [ r J

tector can be simply expressed by the integral over
all of the coordinates.
2.3 Probability distributions
In this section, we consider scattered photons
passing through highly scattering homogeneous slab
of thickness d with a definite incident angle 6, at
the upper surface and finally arriving at the detec-
tor. Without loss of generality, here we chose the co-
ordinates to let the incident light in the O -xz plane.
The photon enters the slab at point O(0,0,0) with
an angle 6, to the direction of z, and §, = 0 is corre-
sponding to the normal incidence.
2.3.1
For single-vertex process, the photon is scat-

Single-vertex processes

tered only once. The scattered point, which is in
the O-xz plane, is noted as O; Cxy,0,2,). The
photon is scattered in the direction #, and exits at
point (x; ,y, -d). In the case of index matching, the
transmission probability density I'; [ per unit depth
2o and per unit solid angle corresponding to the
point (xy, ;. d) ]of the set of single-interaction
histories, can be written as

I = exp(— o) peos 1) peexp(— pr) s (9)
where

ro = 20/c0s80ys 1o = Zotan by »

The solid angle element corresponding to the
area element dS = dux;dy, is dQ = dx,dy, /7.
Therefore, the probability per unit area corre-
sponding to the exiting point (x, .y, »d) of the sin-
gle-interaction event can be obtained by integrating
over depth 2, for the corresponding probability den-
sity I #{ as

d
P51 (‘Tl s V1 ,d) = szoFl/rf ’

0

(10)

which describes the transmission-photon distribu-
tion at the outgoing surface.

It is required to integrate over both z, and the
area in order to calculate the total transmission
probability P; of all such single-vertex (i.e., sin-
gle-interaction) paths within the medium. The in-
tegration limits are z, from O to d and «,, ¥y, from

— oo to co. Then we have
d 400 Fox

P (d) — szo j dz, J Ay I\ /7.

—oo —o

(1)

2.3.2 Double-vertex processes

For the photon interacting twice before emer-
ging at the outgoing surface in transmission, the
vertex and propagator terms may be written as

Iy = exp(— p1o) pCeos 01 poexp(— g1 ) p(cos 02) pexp(— pr2)

where

ro = Z()/COS Oos a0 = zotan b,

(12

rn —

(\Tl — 2, tan 6{;)2 +y% + (21 _Z())Z ’

0 = cos! [sin 0o (xy — zotan @) + cos 0, (z, *zo)}
1 .

L8

ro —

(xy — )+ (yy —y))*+(d— =27,
(r1 —zotan ) (x; — 1) + 31 (y2 —y1) + (21 —20)(d —21)

0, = Cosfl[

mr; ]

Correspondingly, the transmission-photon distribution at the outgoing surface is described by the probability

per unit area at the emergence point (x,,¥y;.d) as
d d

P (x5 ,y;.d) = sz()szl J da, J dy, b/ ()%

0 0

+ +

(13

and the total transmission photon probability is obtained by integrating over the whole outgoing surface as

d d +o —+o

P,(d) — sz()szl J de, J dy, J de, J dyuT / Cror)?.

0 0

o 1

(14
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2.3.3 High-order processes

The above mentioned method can be easily extended to high order vertex processes. Generally, for the
photon N-times interacting before emerging at the outgoing surface in transmission, the vertex and propaga-
tor terms may be written as

I(r) =exp(— pry) p(cos 0 psexp(— pry) p(cos 02) poexp(— pers ) -
exp(— pry-1) p(cos On) pe exp(— prn) (15
where,
ro = 2,/cos 0y xo = zotan by,
r= /(x; —zotan 0,)% + 3y} + (2, — z)7,

g = cos™! [Sin 0, (x1 — zytan O,) + cos 0, (2, *zo)}
1 = S ’
L8|

ry — (Iz_J‘])ZTL(yz_y])ZJF(Zz_Z])Zs

6, — cos’l[(xl —zotan ) (xy, —x1) + v (ys — 1) + (4 *Zo)(z;?*zl)]
i
N—1 — (1'N—1 - 1N—2)2 + (3/;\"—1 - yw—z)2 + (Z.\Ll - ZN—Z)Z ’
rn = (1\ — IN-1 )2 + (yw — YN—1 >2 —+ (d — ZN—1 )2 ’
8 _ C()S'il[(xw 1T XN 2)(~TY\"_~TN ])+(y:\' 1 YN 2>(y."\'_y"\" l)+(2\ 1 — XN 2)(d_2\ 1)}
N T (O .
N—1TN

Correspondingly, the transmission-photon distribution at the outgoing surface is described by the probability

per unit area at the point (xnsynvsd) as
d d +oc c +oc

P‘}’\"(Ir\? 9y\(9d) - JdZ()JdZI sz'\ 1 J‘dl] J J‘dlz J dyv J d_T\ 1 J‘dy(\jflr\\'/<rl7"7"'7"\'717':\\')2 ’ (16)

and the total transmlsswn photon probability is obtained by 1ntegrat1ng over the whole outgoing surface:

d +oo +oo +oo oo +oo +oo +oo +oo
Py(d) = szojdzl .--sz\_l [ dz, J dy | dr. j dy, -+ J devy [ dyer [ doy j Ayl /(s )
0 0 0 oo oo oo oo e Lo e .
17
3 Results and discussion 0.40
The scattering probabilities and probability-dis- :2’ 0.35 |
tributions are expressed as integrals over the corre- E 030
sponding coordinates. There are a lot of techniques %025 L0~
to obtain the numerical integral results. For exam- g ;
.. . . . ‘7 0.20 -
ples, the finite difference method is simple enough g
to conduct some simple integral calculations and the % 0157
Monte Carlo method is generally used to calculate =}
multiple integrals. 0.05

In this section, numerical results are presented
for the slab medium with the assumed scattering co-
efficient . = 2.1 mm™", the extinction coefficient
(= 2.3 mm ', the anisotropy parameter g varying
between 0.15 and 0.9, and the assumed slab thick-
ness ranging from 0 to 2.5 mm.

Figures 2, 3, and 4 show the probabilities of

00 05 10 15 20 25 3.0 35 40 45 5.0
Slab thickness /mm

Fig.2 Probability P, of a photon traversing a medium and

undergoing single-scattering event as a function of slab

thickness with 4, = 2.1 mm™ and y, = 2.3 mm™"

for increasing g from 0.15 to 0.9 in steps of 0. 15

(form bottom to top)

photons traversing the scattering medium as a func-
tion of slab thickness for photons experiencing sin-
gle-, double-, and four-scattering events described
by Egs. 11, 14 and 17, respectively. The corre-
sponding results are in good agreement with those

based on the geometrical expressions-*! for single-
and double-scattering events and the Monte Carlo
stimulations'™®! for four-scattering events. As
shown in the Figs.2, 3, and 4, the probability pro-
file of least-scattered photon is dependent on the in-
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Fig.3 Probability P, of a photon traversing a medium and
undergoing twice-scattering events as a function of
slab thickness withy, = 2.1 mm ' andy, = 2.3 mm'
for increasing g from 0.15 to 0.9 in steps of 0. 15

(form bottom to top)
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Fig.4 Probability Py (N = 4) of a photon traversing a

medium and undergoing N time scattering events as
1

a function of slab thickness with . = 2.1 mm ',
pm =2.3mm',and g=0.9

0.9

y
=
™
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0.6 /N=0
05

0.4
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Transmission probabilit;

0.1
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Fig.5 Probabilities that a photon traversing a medium will
undergo exactly N (up to 4) interactions as a function
of thickness from the model prediction. Curves are
shown for py = 2.1 mm™, u ', and

g=0.9

= 2.3 mm

teraction times N and anisotropy parameter ¢, and
it goes down as N increases and/or ¢g decreases.
For a specific N, the probability is maximized at a-
boutd = N/p. » and the maximum probability moves
to a smaller d slightly and decreases when g de-

creases. For a given value ¢ = 0.9, the transmis-
sion probability profiles of the photons that have ex-
perienced exactly N (up to 4) interactions for the
model predictions are plotted in Fig.5.

In order to identify the relationships among the
maximum probability P,., and N, ¢g, P,. as a func-
tion of g are shown in Fig.6 for N=1, 2, 3, 4, re-
spectively. For a certain N, In P, nearly linearly
increases as ¢ increases, and the more the interac-
tion times N is, the larger the line slope is.

02 04 06 08 10 12
g

Fig.6 Maximum probability P,,, as a function
of g for N=1, 2, 3, and 4

For realistic applications, the detected photons
are only those entering the detector window.
Therefore we need to know the probability distribu-
tion at the output surface of the scattering medium.
In case of medium thickness d = 2 mm and when
normally incident light, i.e., incidence angle 0, =
0°, is concerned, the traversing photon probability
distributions at the output surface for single-scat-
tering and double-scattered events are obtained
from Eq. (9) and illustrated in Figs.7 and 8 respec-
tively. In can be seen that for normal incident
light, the traversing photon has a symmetrical
Gauss-like distribution around the incident light di-
rection, and the distribution for double-scattered e-
vents (Fig.8) is more dispersive than that for sin-

206 gl W
905 [
304_
go3

B 0.9 it
gO.l-v'

& 0

e -

0 0
Y /mpy ~0.5 ~0.5  fro

Fig.7 Probability distribution P, of a photon traversing a
medium and undergoing single-scattering event for
incident angle § = 0° with &, = 2.1 mm™', p =

2.3mm ', d =2.0mm, and ¢ =0.9
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gle-scattered events (Fig. 7). The result implies
that the dispersion is proportional to the interaction
times that photon experiences. To consider the in-
fluence of incident angle on the probability distribu-
tion, Fig. 9 shows the probability distribution at
g, = 0°, 15°, 30°, and 45° for single-scattered
events. As shown in Fig. 9, the distribution be-
comes asymmetry and dispersed for oblique incident
light. As the incident angle increases, the trans-
mission probability decreases quickly. It will be-
come very weak for incident angle greater than 45°.
The result indicates, for tissue optical measure-
ment, that the incident light should be normal to
the medium surface and the detector should be
placed directly against the incident light to collect
maximum scattered signals.
0.6
0.5 -~
044~
0.3 -
0.2 4
0

0 0
Y /mm 0.5 ~0.5 5 froam

Fig.8 Probability distribution Ps,of a photon traversing a
medium and undergoing twice-scattering event for
incident angle § = 0° with p, = 2.1 mm™, u =

2.3mm ', d=2.0 mmand g=0.9

1

o oo

Fig.9 Probability distribution P, of a photon traversing a
medium and undergoing single-scattering event for
incident angle ¢ = 0°,15°,30°, and 45° with

1

#SZZ.Immﬂ,#IZZ.S mm ', d = 2.0 mm,

and ¢=0.9

In conclusion, based on the vertex-propagator,
the integral expressions of scattered photon proba-
bilities for least-scattered photons traversing in a
scattering medium have been obtained for photons
experiencing any times interactions by the coordi-
nate tracing method, and numerical results have
been shown for transmission probability and distri-

bution as a function of scattered times, anisotropy
parameter ¢, medium thickness, and incident an-
gle. Compared with the methods based on both geo-
metrical tracing and Monte Carlo simulation, our
model is simpler and easier for programmming.
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